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Abstract

Frequency Fitness Assignment (FFA) o�ers an alternative take on

metaheuristic optimization. Here, the encounter frequencies of ob-

jective values are used to make the selection decisions. This leads

to a variety of interesting algorithm features, such as an invari-

ance under all injective transformations of the objective function

value and a very strong focus on exploration of the search space.

In this article, for the �rst time, we discover a condition under

which purely FFA-guided search can actually get stuck, even on

a problem as simple as OneMax. To tackle this issue, we suggest

hybrid approaches combining objective-guided and FFA-guided

search. We propose using crossover for solution transfer between

the two component algorithms of the hybrids. Our experiments

show that (1) the original FFA allows us to solve problems like

Trap, TwoMax, and Jump in (experimentally observed) polynomial

time; (2) the suggested hybrids address FFA’s shortcomings and are

occasionally orders of magnitude faster; and (3) we report several

new best-known solutions for the NP-hard low-autocorrelation

binary sequences problem.
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1 Introduction

Discrete optimization benchmark problems are an important cor-

nerstone of fundamental research in black-box optimization. They

help us to reveal, understand, or even prove algorithm behavior

and performance. Without loss of generality, we consider them as

functions 5 : {0, 1}= ↦→ N0 that accept a string of = bits as input,

compute a natural number as result, and are subject to minimization.

The commonly used discrete optimization benchmark problems

include OneMax, TwoMax, LeadingOnes, Trap, Ising models, the

N-�eens problem, Jump, Plateau, theW-Model, the Linear Har-

monic functions, and the Binary Integer problem [15, 16]. These

problems exhibit a wide range of search space characteristics, such

as deceptiveness, neutrality, non-separability, ruggedness, and mul-

timodality. They do so in an obvious and easy-to-understand way.

And they should. It is not easy to divine how an algorithm will

perform on a complicated problem. The simple structure of such

problems has enabled us to widen our understanding of optimiza-

tion algorithms both theoretically and experimentally. In this work,

we use such benchmark problems to experimentally explore the

behavior of a counter-intuitive idea that eludes theoretical analysis.

Metaheuristics are built upon the following paradigm: “Iteratively

create modi�ed copies of selected solutions and the better a solution

is, the higher be its probability to get selected.” This biased selection

toward better objective values has given us a myriad of highly-

e�cient algorithms.

Frequency Fitness Assignment (FFA) [56, 58, 59] o�ers a di�erent

take. Plugging FFA into an existing optimization algorithm means

tomodify its selection step: Every time before a solution G enters the

selection stage, the encounter frequency � [5 (G)] of its objective
value 5 (G) is incremented by one. The selection then prefers solu-

tions with lower objective value encounter frequencies (regardless

whether they are better or worse).
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This creates optimization processes that are (1) not biased to-

ward better solutions. It also renders optimization algorithms (2) in-

variant under all injective transformations of the objective func-

tion value [58]. The only other algorithms with even one of these

properties are random walks, random sampling, and exhaustive

enumeration—none of which are useful optimization methods. Yet,

FFA has delivered surprisingly good performance on a wide range

of hard optimization problems [8, 10, 33, 35, 52, 54, 55, 59].

The existing works on FFA exhibit a couple of blind spots. First,

two of the most fundamental metaheuristics for discrete optimiza-

tion are the (1+1)EA and the randomized local search (RLS), which

only di�er in their unary search operator. FFA has been plugged into

the (1+1)EA yielding the (1+1)FEA, which performed signi�cantly

better on some hard (but not NP-hard) discrete benchmarks and

on theNP-hardmaximum satis�ability problem (Max-Sat) [58, 59].

However, it has not yet been plugged in the even simpler RLS on

this domain. We ask: What happens if FFA is applied in RLS, where

the search operator spans a very small neighborhood?

Second, several hybrid algorithms that combine FFA-guided

strand (A) and objective-guided strand (B) exist [33, 59]. Here,

(A) usually copies its solution over to (B) if some conditions are met.

This always was a “hard copy” that overwrites the current solution

in that branch. However, we actually have a very nice operator for

combining two solutions, namely crossover. We ask: Is crossover a

better way to hybridize FFA- and objective-guided search?

Third, only one single NP-hard optimization problem with

a bitstring domain has been considered as application area for

FFA so far, namely the aforementioned Max-Sat. Here, all inves-

tigated FFA-based black-box optimization algorithm variants out-

performed their objective-guided original versions in the large

study [59]. Max-Sat has the advantage that its instances tend to

exhibit very few di�erent objective values. This is favorable for FFA,

which spreads the search e�ort evenly over the range of the objec-

tive function [34]. We now explore another important NP-hard
domain, namely the discovery of low-autocorrelation binary se-

quence (LABS). LABS instances tend to exhibit more di�erent objec-

tive values thanMax-Sat instances of the same scale=. We ask:Does

FFA yield good results on a second discrete NP-hard domain?

With the present study, we close three research gaps and sig-

ni�cantly expand our understanding of FFA. In particular, we ex-

pose one weakness of the method: While FFA-based algorithms are

shown to oscillate forever in the objective space and thereby often

eventually hit the optimum, they actually can get stuck, too. This

requires very speci�c conditions to appear, which we will uncover

in our experiments.

The remainder of this paper is organized as follows: Section 2

brie�y discusses related work. In Section 3, we introduce the algo-

rithms used in this study. In Section 4, we introduce the problems

investigated alongside the results of the algorithms when applied

to them. Finally, our conclusions and outlook on future work are

given in Section 5.

An immutable reproduction package (including code and instruc-

tions) is available at doi:10.5281/zenodo.18333914.

2 Related Work

If we plug FFA into an optimization method, it removes the bias

towards better solutions and instead prefers solutions whose ob-

jective values are encountered less frequently during the search.

This can be viewed as putting selection pressure towards diversity.

Viewed from this perspective, we �nd a long line of related works

spanning several decades, starting with niching in evolutionary

algorithms [24, 36, 44]. Like FFA, niching seeks diversity, but FFA

achieves it via frequency tracking rather than explicit subpopula-

tion partition.

Quality-Diversity (QD) methods are a family of algorithms that

aim to generate a diverse set of high-performing solutions [9, 47, 48].

The QD method Novelty search (NS) selects solutions based on the

divergence of their behavior from previous solutions [32]. The

observed solution behaviors are retained in an archive as reference

to judge behavior novelty [31].

Another QD method is Surprise Search (SS) [25, 26], which val-

ues solutions based on the deviation between their observed and

predicted behaviors. The more di�erent a solution behaves from

what one expects, the more surprising it is, the more we can learn

from exploring its neighborhood, and thus, the more likely it is

for being investigated further. SS maintains a record of discovered

solution behaviors to predict the behavior of new solutions.

MAP-Elites (ME) [39] is a QD algorithm that combines an ob-

jective function with a user-de�ned feature space F. F is a low-

dimensional space of behavioral descriptors. Each solution from

the search space is mapped to a feature vector. The algorithm tries

to �nd the highest-performing solutions within each grid cell in F.

The algorithms mentioned above di�er conceptually from FFA.

All of them except niching are complete optimization algorithms.

In contrast, FFA is a module that can be incorporated into a wide

range of optimization algorithms. By making algorithms invariant

under all injective transformations of the objective function value,

including such that change the order of objective values, FFA o�ers

the strongest theoretically attainable invariance property by any

algorithm that actually uses the objective function value. None of

the above methods has a similar property.

3 Studied Algorithms

To answer our research questions, we select eight algorithms.

The baseline are the classical (1+1)EA and Randomized Local

Search (RLS) [7]. The (1+1)EA (Algorithm 1) starts by randomly

sampling an initial bit string G2 from the search space {0, 1}= and

evaluating its �tness ~2 = 5 (G2 ). At each iteration, a new so-

lution G> is generated using a unary operator flipℓ (G2 ) which
creates a modi�ed copy of G2 where exactly ℓ bits are �ipped.

Here, ℓ ∼ Bin>0 (=, 1/=), where = is the problem dimension and

Bin>0 means that ℓ is drawn from a binomial distribution condi-

tioned on ℓ > 0 [7, 16]. This ensures that G> ≠ G2 in each iteration.

The objective value of G> is evaluated as ~> ← 5 (G> ). If ~> ≤ ~2 ,

the current solution is replaced. This process is repeated until a

termination condition is met.

The (1+1)FEA (Algorithm 2) introduces FFA into the (1+1)EA [58].

It allocates a frequency table � that counts the encounter frequen-

cies of objective values. The process of obtaining the current and
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procedure (1+1)EA(5 : {0, 1}= ↦→ N0) Algorithm 1

randomly sample G2 from {0, 1}= ; ~2 ← 5 (G2 )
while ¬ terminate do

sample ℓ ← Bin>0 (=, 1/=)
G> ← flipℓ (G2 ); ~> ← 5 (G> )
if ~> ≤ ~2 then

G2 ← G> ; ~2 ← ~>

return G2 , ~2

procedure (1+1)FEA(5 : {0, 1}= ↦→ N0) Algorithm 2

� ← (0, 0, . . . , 0)
randomly sample G2 from {0, 1}= ; ~2 ← 5 (G2 )
G1 ← G2 ; ~1 ← ~2
while ¬ terminate do

sample ℓ ← Bin>0 (=, 1/=)
G> ← flipℓ (G2 ); ~> ← 5 (G> )
� [~2 ] ← � [~2 ] + 1; � [~> ] ← � [~> ] + 1
if � [~> ] ≤ � [~2 ] then

G2 ← G> ; ~2 ← ~>
if ~2 < ~1 then

G1 ← G2 ; ~1 ← ~2

return G1 , ~1

new solutions G2 and G> as well as their respective objective val-

ues ~2 and ~> remains the same. The selection step is changed to

�rst increment both � [~2 ] and � [~> ] by 1. The new solution G>
then replaces G2 if � [~> ] ≤ � [~2 ]. These major di�erences are

highlighted in blue. Since this may lead to the loss of the best-so-far

solution, variables are used to remember it (G1 ) and its objective

value (~1 ). They do not in�uence the search and are just returned

as �nal result.

The RLS and FRLS work like the (1+1)EA and (1+1)FEA, respec-

tively, but always �ip exactly one bit, i.e., perform G> = flip1 (G2 )
instead of flipℓ (G2 ). This operator spans a neighborhood of ex-

actly = solutions around G2 , whereas the (1+1)EA can theoretically

reach each solution from every other solution in a single step.

FFA-based search tends to be slow but eventually �nds good

solutions, whereas objective-guided search can be fast but may

converge to local optima [58, 59]. It makes sense to combine both

ideas by distributing objective function evaluations (FEs) evenly

among them. The straightforward implementation of this hybrid

algorithm concept would thus �rst perform one FE of the (1+1)EA,

then one FE of the (1+1)FEA, then one of the (1+1)EA again, and so

on. For toggling between the two methods, it could use a Boolean

variable useFFA which would be negated after each FE. This hybrid

algorithm would solve any problem that either of its component

algorithms can solve (in twice the time of the faster component

algorithm, that is). But it would not have any additional ability and

be rather uninteresting.

EAFEAA and EAFEAB additionally introduce one-directional so-

lution transfer from the (1+1)FEA branch to the (1+1)EA branch [33,

59]. If the (1+1)FEA branch in the EAFEAA (Algorithm 3) encoun-

ters a solution with previously unseen objective value, it will copy

it to the (1+1)EA branch, thereby overwriting that branch’s cur-

rent solution [33]. If (1+1)FEA branch of the EAFEAB encounters

procedure EAFEAA(5 : {0, 1}= ↦→ N0) Algorithm 3

� ← (0, 0, . . . , 0)
randomly sample G2 from {0, 1}= ; ~2 ← 5 (G2 )
G1 ← G2 ; ~1 ← ~2
G3 ← G2 ; ~3 ← ~2 ; useFFA← false

while ¬ terminate do

if useFFA then G? ← G3 else G? ← G2

sample ℓ ← Bin>0 (=, 1/=)
G> ← �ipℓ (G? ); ~> ← 5 (G> )
if ~> < ~1 then G1 ← G> ; ~1 ← ~>

if useFFA then

� [~3 ] ← � [~3 ] + 1; � [~> ] ← � [~> ] + 1
if � [~> ] ≤ � [~3 ] then

G3 ← G> ; ~3 ← ~>
if � [~> ] = 1 then G2 ← G> ; ~2 ← ~>

else if ~> ≤ ~2 then G2 ← G> ; ~2 ← ~>

useFFA← ¬ useFFA

return G1 , ~1

procedure EAFEAB(5 : {0, 1}= ↦→ N0) Algorithm 4

� ← (0, 0, . . . , 0)
randomly sample G2 from {0, 1}= ; ~2 ← 5 (G2 )
G3 ← G2 ; ~3 ← ~2 ; useFFA← false

while ¬ terminate do

if useFFA then G? ← G3 else G? ← G2

sample ℓ ← Bin>0 (=, 1/=)
G> ← �ipℓ (G? ); ~> ← 5 (G> )
if useFFA then

� [~3 ] ← � [~3 ] + 1; � [~> ] ← � [~> ] + 1
if � [~> ] ≤ � [~3 ] then G3 ← G> ; ~3 ← ~>

if ~> ≤ ~2 then G2 ← G> ; ~2 ← ~>

useFFA← ¬ useFFA

return G2 , ~2
.

a solution that has a better or equally good objective value than

the current solution of the (1+1)EA branch, it will transfer it as

well [59]. These transfers are highlighted in blue in the algorithms.

We expect that the solution transfer will happen much more often

in the EAFEAA than in the EAFEAB. On the one hand, it takes a

long time until the (1+1)FEA can overtake the (1+1)EA in solution

quality. On the other hand, the (1+1)FEA tends to discover solutions

of previously unseen quality more often.

Strictly overwriting the current solution of the (1+1)EA branch

might not be the best of ideas, as it probably has some good build-

ing blocks. Therefore, we introduce two new hybrid algorithms:

The EAFEAAX and EAFEABX replace the copying procedure in the

EAFEAA and EAFEAB with uniform crossover [14, 50]. For each ele-

ment of the new solution it produces, Uniform Crossover randomly

decides from which of the two parent solutions it should be copied.

This new solution is then stored in G2 and we set ~2 = 5 (G2 ), there-
with consuming 1 FE. We hypothesize that recombination enables

that diverse solution structures from the (1+1)FEA branch merge

with the good building blocks of the solution in the (1+1)EA branch.
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OneMax(G) = = − ∥G ∥1 where ∥G ∥1 =
=

∑

8=1

G [8] (1)

LeadingOnes(G) = = −
=

∑

8=1

8
∏

9=1

G [ 9] (2)

LinHarm(G) = 1

2
=(= + 1) −

=
∑

8=1

8 · G [8] (3)

BinInt(G) = 2= − 1 −
=

∑

8=1

28−1 · G [8] (4)

Trap(G) =
{

0 if ∥G ∥1 = 0

= − ∥G ∥1 − 1 otherwise
(5)

TwoMax(G) =
{

0 if ∥G ∥1 = =

1 + = −max
{

∥G ∥1 , = − ∥G ∥1
}

otherwise
(6)

Jump(G) =
{

= − ∥G ∥1 if (∥G ∥1 = =) ∨ (∥G ∥1 ≤ = − w)
w + ∥G ∥1 otherwise

(7)

Plateau(G) =
{

= − ∥G ∥1 if (∥G ∥1 = =) ∨ (∥G ∥1 ≤ = − w)
w otherwise

(8)

Ising(G,) ) =
∑

(8, 9 ) ∈)
|G [8] − G [ 9] | (9)

)1D = {(8 + 1, (8 + 1 mod =) + 1) | 8 ∈ [0..= − 1]} (10)

)2� = {(U + V#,W + X# ) | U, V,W, X ∈ 0..# − 1 ∧
[(W = (U + 1) mod # ∧ X = V) ∨
(W = U ∧ X = (V + 1) mod # )]} with = = # 2

(11)

N-�eens(G) = # − ∥G ∥1 − #
∑

b

max
{

0, &b (G) − 1
}

; = = # 2

(12)

&b (G) = number of queens in horizontal, vertical, or diagonal b (13)

LABS(G) =
=−1
∑

:=1

(

=−1−:
∑

8=0

B [8] · B [8 + :]
)2

with B [ 9] = 2G [ 9] − 1 (14)

Figure 1: The discrete benchmark functions used in this

study (with the exception of the W-Model).

4 Benchmarks and Experiments

We now investigate the performance of our eight algorithms on

several of the most well-researched non-NP-hard standard bench-

mark functions for discrete optimization before applying them to

the NP-hard LABS problem. The objective functions are given

in Figure 1. For each problem, we choose instances across a wide

range of problem scales =, including powers of 2, 3, and 10, squares,

prime numbers, etc. We deliberately mix structured sizes (powers

and squares) with primes and other values to reduce the risk that

conclusions are an artifact of arithmetic regularities (e.g., parity

or factorization e�ects) that can in�uence neighborhood structure

and objective value degeneracy on some benchmarks. For each

instance-algorithm combination, we conduct at least 99 runs. Each

run has a maximum computational budget of 108 = 100,000,000 FEs.

We use the empirically estimated expected running time ERT [28]

as performance metric. The ERT for a problem instance is estimated

as the ratio of the sum of all FEs that all the runs consumed until they

either have discovered a global optimum or exhausted their budget,
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Figure 2: The ERTs on OneMax (left) and LeadingOnes (right).
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Figure 3: Traces of 19 independent runs of the FRLS (left) and

(1+1)FEA (right) on OneMax with = = 16.

divided by the number of runs that discovered a global optimum.

The ERT is the mean expected runtime if we assume independent

restarts after failed runs, which thenmay either succeed (consuming

the mean runtime of the successful runs) or fail again (with the

observed failure probability, after consuming 108 FEs). If all runs

succeed, it is the average �rst hitting time.

4.1 OneMax Problem

Solving an instance of the OneMax means to �nd the bit string

composed of all 1s [19, 41]. This problem, given in Equation 1, is

unimodal and fully separable. The left side of Figure 2 illustrates

the ERT of di�erent algorithms solving the OneMax problem. The

horizontal axis represents the problem size =, i.e., the length of the

bit string, and the vertical axis presents the ERTmeasured in FEs on

a logarithmic scale. On this problem, it is obvious that (1+1)EA and

RLS cannot be outperformed and RLS is better than the (1+1)EA [7].

The fully FFA-based algorithms perform worst. Since objective-

guided local search on this unimodal problem has superior perfor-

mance, the hybrid algorithms are better than the purely FFA-based

ones. Among them, the EAFEAA is worst, as it most often transfers

solutions from the FFA branch to the local search branch. Using uni-

form crossover instead of strictly copying in the EAFEAAX reduces

its ERT by two orders of magnitude. The EAFEAB and EAFEABX
perform almost identical. Their (1+1)EA branch is better than the

(1+1)FEA one, so solution transfer almost never takes place.

The FRLS has a strangely large ERT oscillating around the com-

putational budget of 108 FEs. It can solve the problem in about

half of its runs, failing in the other half. The reason is that an
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FFA-based method may progress either into the direction of im-

proving or worsening objective values, changing direction from

time to time [58]. Assume that FRLS happens to move towards

the worst possible solution G⊗ . It arrives at a solution G× with

objective value 5 (G×) = = − 1. It will be coming from a solution

with objective value = − 2 and such solutions will probably have a

slightly higher corresponding� -value than G× at that point in time.

It samples solutions in this neighborhood a few times, thereby in-

creasing � [= − 1]. Then maybe it samples G⊗ , the bit string of all 0,
with objective value 5 (G⊗) = =. It gets � [=] = 1 and is accepted.

From now on, all what the single-bit-�ip operator flip1 (G⊗)
can do is to take us back to a solution of objective value = − 1. In
the selection step, both � [=] and � [= − 1] will be incremented,

but � [=] will be lower, because we had exactly the same situation

just one step ago and it was lower there, too. So the algorithm

cannot escape from G⊗ . This is visible in Figure 3. Some of the

traces of the FRLS runs on the OneMax problem with = = 16 keep

sampling solutions of quality 15, which happens because they are

stuck at the worst-possible solution with quality 16. They would

need to �ip two bits to escape, but cannot.

The following lemma formalizes the above observation and states

a su�cient condition under which an FFA-based algorithm can

become trapped.

Lemma 1 (Absorbing states under constant-neighborhood objec-

tive values). Consider an FFA-based (1+1) algorithm whose selection

step is as in Algorithm 2 and FRLS. In each iteration, it generates

an o�spring G> from the current solution G2 , has ~2 = 5 (G2 ), eval-
uates ~> = 5 (G> ), increments � [~2 ] and � [~> ], and accepts G>
i� � [~> ] ≤ � [~2 ].

Let G⊗ ∈ {0, 1}= be a solution with objective value ~⊗ = 5 (G⊗).
Assume that, when the unary search operator is applied to G⊗ , all
possible o�spring G× have the same objective value ~× ≠ ~⊗ , i.e.,

∀G× ∈ N (G⊗) : 5 (G×) = ~× ≠ ~⊗, (15)

where N(G⊗) denotes the set of all possible o�spring that can be

generated from G⊗ by the unary operator used by the algorithm. If, at

the beginning of an iteration with G2 = G⊗ , we have� [~×] > � [~⊗],
then the algorithm will never leave G⊗ again, i.e., G⊗ becomes an

absorbing state.

Proof. While the algorithm remains at G⊗ , every iteration

has ~2 = ~⊗ and ~> = ~× . Let �C [·] denote the frequency table

at the beginning of some iteration C with G2 = G⊗ . After increment-

ing frequencies, the acceptance test becomes

�C [~×] + 1 ≤ �C [~⊗] + 1 ⇐⇒ �C [~×] ≤ �C [~⊗] . (16)

If �C [~×] > �C [~⊗] holds, the o�spring is rejected and the current

solution stays equal to G⊗ .
After the rejectionwe have�C+1 [~×] = �C [~×]+1 and�C+1 [~⊗] =

�C [~⊗] + 1. Therefore, the di�erence � [~×] − � [~⊗] is invariant
as long as the algorithm stays at G⊗ . The strict inequality � [~×] >
� [~⊗] will hold forever and no future o�spring can ever be ac-

cepted. □

Corollary 2 (FRLS can be trapped on OneMax). For the minimiza-

tion version of OneMax, let G⊗ = 0= (all zeros), so that 5 (G⊗) = =.

Under FRLS, the one-bit �ip operator flip1 (G⊗) can only generate

neighbors with objective value =−1. Consequently, whenever an FRLS
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Figure 4: The ERTs on the LinHarm (left) and BinInt (right).

run visits G⊗ at a time where � [= − 1] > � [=], it becomes trapped

at G⊗ and can no longer reach the optimum 1= .

This explains the failed FRLS runs in Figure 3: once the run

reaches 0= and the objective value = − 1 is already more frequent

than=, the selection rule prevents any accepted move away from 0= .

This seems to be a very small corner case, but it is an important

�nding. FFA based algorithms can get trapped, too!

4.2 LeadingOnes Problem

The LeadingOnes objective (Equation 2) aims to maximize the num-

ber of consecutive leading 1s [49, 60]. The problem is not separable

but still unimodal and easy. Many local search methods require

quadratic time for it [1, 17].

This is visible in the right side of Figure 2, where the RLS

and (1+1)EA perform best and almost the same, as also observed

in [7]. Prior experiments locate the (1+1)FEA median runtime

around O(=3). Hence, somewhere between = = 500 and 1000, all

runs of the (1+1)FEA fail and its ERT curve stops. The FRLS fares

no better, but this time does not exhibit the pathological behavior

from before, as �ipping a single bit can now yield more than two

di�erent objective values.

EAFEAA has the same initial behavior as both algorithms, but its

(1+1)EA strand allows it to �nd the optimum. The frequent solution

transfer, however, causes it to be slow, too. The uniform crossover

in the EAFEAAX signi�cantly improves the speed. The EAFEAB
and EAFEABX perform better. Their (1+1)FEA branch rarely outper-

forms the local search, making solution transfer infrequent. Their

FFA-based strand thus mainly wastes runtime.

4.3 Linear Harmonic Function

The Linear Harmonic problem LinHarm (Equation 3) is very similar

to OneMax, but its variables are weighted linearly [15, 16, 18]. RLS

and the (1+1)EA perform again best and the (1+1)FEA and FRLS

are worst, as shown in the left part of Figure 4. The FRLS does not

get stuck, because one FE can yield many di�erent objective values

and, as a result, it is a bit better than the (1+1)FEA. Apart from this,

we see the same results as on OneMax.

4.4 BinInt Problem

The BinInt problem (Equation 4) considers the solutions G as bi-

nary encoded integers representing the objective values [51] and
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Figure 5: The ERTs on Trap (left) and TwoMax (right).

aims to �nd the string of all 1s. This is the worst possible case for

FFA: Every single solution G ∈ {0, 1}= has a di�erent objective

value, which makes the (1+1)FEA and FRLS degenerate to random

walks. Their runtime grows exponentially, which is visible in the

right part of Figure 4. Both EAFEAA variants will discover a solu-

tion G> with � [5 (G> )] = 1 in almost every step, thus constantly

transfer G> to their (1+1)FEA branch, thus messing up any chance

of this branch to �nd the optimum. They have exponential runtime,

too. The EAFEAB variants, on the other hand, will basically never

�nd any solution G> with 5 (G> ) ≤ 5 (G2 ) and thus almost never

engage in solution transfer.

4.5 Trap Problem

The Trap problem (Equation 5) is a deceptive function where the

“gradient” in the entire search space points away from the global

optimum [18, 42]. The optimum is a single bit string with no basin

of attraction. This problem is the worst case for all objective-guided

optimization methods. The (1+1)EA requires exponential runtime

which shows in the left part of Figure 5. The RLS cannot escape from

the local optimum, because that would require �ipping all = bits at

once. Unless it samples the optimum or from its neighborhood at

the beginning, it cannot solve this problem.

The Trap problem is an injective transformation of OneMax.

Therefore, FRLS and the (1+1)FEA exhibit the same performance

as on OneMax. The ERT of FRLS is still pathological due to the

neighborhood structure. The ERT of the (1+1)FEA is now excellent.

All the hybrid algorithms perform similarly. Now it is the FFA-

guided search that does the heavy lifting, while the FEs spent in

the (1+1)EA branch are wasted.

4.6 TwoMax Problem

The TwoMax problem (Equation 6) has a local and a global op-

timum of about the same size [22, 29]. Objective-guided algo-

rithms ((1+1)EA, RLS) will most likely converge toward the op-

timum in whose basin of attraction their initial solution lands. The

ERTs around the computational budget in the right part of Figure 5

con�rm their 50/50 chance of success.

Since the TwoMax function is otherwise similar to OneMax,

FRLS still exhibits its pathological behavior. All other algorithms

that use FFA can solve this problem rather well. Interestingly, the

EAFEAAX here has a visibly lower ERT than the other methods.

The fact that it is roughly half an order of magnitude faster than
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Figure 7: The ERTs on the Plateau problem with w =
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⌋

+
1 (left) and w = ⌊=/2⌋ − 1 (right).

the EAFEAA must be attributed to the uniform crossover, since this

is the only di�erence between the two algorithms. This is strong

evidence that combining solutions from both branches instead of

overwriting them is a good idea.

4.7 Jump Problem

While the �rst part of the Jump function (Equation 7) has a gradi-

ent similar to OneMax leading toward the optimum, the last w bits

right before the optimum have objective values that get successively

worse the closer we get to the optimum [18, 22]. Figure 6 illustrates

the ERTs of our algorithms on two di�erent parameterizations of

the problem. Small Jumps with a width of about
√
= are shown on

the left side. Large Jumps over half of the bits are shown on the

right. The (1+1)EA requires a runtime exponential inw, because the

algorithm needs to �ip w bits at once to jump over this region [18].

Unless it samples the optimum or from its neighborhood right at

the beginning, RLS cannot solve this problem. The Jump problem is

a bijective transformation of OneMax, which means that (1+1)FEA

and FRLS perform exactly as on that problem. The hybrid algo-

rithms are a bit slower than the (1+1)FEA, as their objective-guided

part does not contribute towards reaching the optimum.

4.8 Plateau Problem

The Plateau problem (Equation 8) is structured like Jump, but in-

stead of being deceptive, the region of w bits around the optimum
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Figure 8: The ERTs on the Ising-1D problem (left) and the

Ising-2D problem (right).

has the same objective value, i.e., is a neutral plateau [1]. Such

plateaus are hard for all algorithms in our study. They neither pro-

vide a gradient to follow nor do they contain di�erent objective

values. Thus, all our algorithms require an exponential runtime,

which the FFA-based ones paying the additional cost of the—here

useless—search for diverse objective values.

4.9 The Ising Problems

The Ising problems (Equation 9) allow us to investigate how an

algorithm performs if the decision variables exhibit localized epis-

tasis. In this problem family, the contribution of one variable to the

objective function depends on its neighbors in a topology ) . Two

neighboring bits of di�erent values contribute +1 to the objective

function, which is subject to minimization. The goal is that all bits

have the same value. In Ising-1D [15, 16, 21], the bits are arranged in

a 1-dimensional ring)1� (Equation 10) and in Ising-2D [15, 16, 20],

the topology is the two-dimensional torus )2� (Equation 11).

The results of our algorithms on both problems are plotted in

Figure 8.WhileRLS and the (1+1)EA can solve the Ising-1D problem

relatively well, their runtime on the Ising-2D variant is much higher.

The (1+1)FEA is faster than both algorithms on the Ising-2D but

slower on Ising-1D. With the exception of the EAFEAA, the hybrid

algorithm variants are better than the (1+1)FEA. On Ising-2D, they

are the best algorithms and on Ising-1D, they are slightly worse

than the pure local searches.

The FRLS is slightly faster than the (1+1)FEA if the number = of

bits is odd and much slower if it is even, in which case it fails to

solve the problem in roughly half of the runs. If the number = of bits

is odd, say = = 11, then the worst possible solution G⊗ —alternating

0 and 1-bits—has six 0 and �ve 1-bits (or the other way around). If

such solution is reached, the neighborhood comprises two possible

objective values: Either, we �ip a 1-bit to 0, thereby improving

the solution, or we �ip a 0-bit to 1, which yields a solution of

exactly the same objective value. If the number = of bits is even,

then all solutions neighboring G⊗ are better and none has the same

objective value, meaning that the algorithm can get trapped by the

mechanism of Lemma 1.

4.10 N-Queens Problem

The goal of theN-�eens Problem (Equation 12) is to place# queens

on a chessboard with side-length # such that no queen can attack
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Figure 9: The ERTs on the N-�eens problem (left) and each

of the 19W-Model problem instances � from [53] (right).

another [15, 16]. If the value of one of the = = # 2 �elds of the chess-

board is 1, then a queen is placed into it. The objective function is

the sum of attack positions. N-�eens exhibits strong epistasis, be-

cause the contribution of each bit to the objective function depends

on the states of the bits in all horizontal, vertical, and diagonals b

that could attack it. Neither RLS nor FRLS are good in this problem,

as is visible in the left side of Figure 9. The (1+1)EA often outper-

forms the (1+1)FEA. The EAFEAAX, which uses crossover, is much

better than the EAFEAA and even often beats the (1+1)EA. Uniform

crossover helps maybe because it preserves partial solutions (valid

placements), whereas overwriting does not.

4.11 W-Model

TheW-Model is a benchmark problem whose goal is to �nd a bit

string consisting of alternating 0s and 1s [16, 57]. Filters are stacked

on top of this base problem to introduce ruggedness, deceptiveness,

epistasis, and uniform neutrality. The �lters are tunable, so that

precise amounts of these features can be introduced. In [53], 19 in-

stances of theW-Model were chosen such that di�erent algorithms

are likely to exhibit di�erent behavior on them.

As the right side of Figure 9 shows, due to their ruggedness

and epistasis, RLS cannot solve a single W-Model instance. The

(1+1)EA requires a high runtime for most instances and only solves

them sometimes. All the algorithms using FFA are much better. On

most instances, the hybrid algorithms have advantages. Crossover

e�ects on W-Model instances are mixed. The question of which

problem features determine crossover utility remains open.

4.12 Low-Autocorrelation Binary Sequences

The goal of the low-autocorrelation binary sequence prob-

lem (LABS) is to �nd a sequence whose autocorrelation is as low

as possible. It is de�ned over vectors B with B [ 9] ∈ {−1, 1}. We

transform bit strings G to such vectors via B [ 9] = 2G [ 9] − 1. The

energy 5 (G) of a string G is the objective function (Equation 14).

The merit factor � (G) = =2/(=5 (G)) is consistent with 5 , but

subject to maximization. Merit factors � ≥ 4 always indicate a

relatively low autocorrelation regardless of the problem scale =,

whereas energy naturally always grows with = and thus, there is

no “good energy” threshold independent of =. We therefore plot

the mean best merit factor discovered by the algorithms over the
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Table 1: A set of best-known solutions (BKSes) discovered

during our experiment vs. [2–6, 11–13, 23, 27, 30, 37, 38, 40,

43, 45, 46].

= algorithm 5 , � G in hexadecimal representation

600 EAFEAAX 37392,
4.81386

cb5ca407384e255e95e53e1fc06749a15298e5af65f3993cc8b0152748e76d8c11d6d3
e611696ca75d050c9a233e54e0b3b72e48b20ad2020b3f10128031543e476eee0e2e21
7fe9fd141f

625 (1+1)EA 41680,
4.68600

10f5be20caa1�faad2bcfa97afcd2a0006ed5ed0c2fd1bd8e72cf2e8abe04d7d5f117
98cb36063cde66�4f626736c042de3294d368249e3882cf11968c847a2b570d89ad1d
d666ccaf159852e0d

700 EAFEABX 52798,
4.64033

17f6ada4407fbeec022a90b15bf20�16d9aaa0f6345617df958351c914cb3d63edf23
48c760c3828c84994e5f5cfe98fb722f4db8fa53469b7132ed42a7e01c636268ebc721
a19b5c60e2720948709c88f254a66324ac7

800 (1+1)EA 69104,
4.63070

bb5fea73149af1a509ef9ecb7708284088e4c2494d6a18eedc6e4953d73b9087d67267
a66e81631e2801eac987dce84be3a0a866af0701b006c13e0d1f1298786236bd0e724c
03970b7daa766555523be66589fa8ea4937e472c0f4dbf64a6c584fb9651

900 EAFEAA 86830,
4.66429

d5�d1dddc6c9167e06dcdf9337f3ae95bbf997847067d7c0144a96b0b05105bf54d18
92f7b1d31ba31ca37b3cae6f87838206114bf7eb5cba2cf03b4da2c383c6dc578d848b
976b39c23a04518dbc472b88fd141ceb4ab6821df4a44ef25ec88a27691136edc07e43
a721e129d6d28be

1000 EAFEAA 108352,
4.61459

c3498d656c2ed9987a231ef20c5b432943af5ac9ed460088caa2daacdd9ca917866243
1894639b4f92f88f49c859147a5429a5e15f0d195ad025df26a54b8501199fa713433e
49a7847fb0b61cc97a88543de9fcd23ce1d405dceec5157459af188a7ea8176fe8f0c0
5006de0b30001eb625155345�e93d1e4fee1732

1024 EAFEAAX 114876,
4.56395

e97368fe14ce608467d0ccc067c751e4e36954babd0ab127f8363909607a63967d3d2d
8957378d9fa3a7c823b74a8f2e0422b7b73a742a526cca91c31f88e4561e6ef001a6f2
3a59ef85f7d62adaf24b80a2aea5975798befae4eee5560bef9ae93bf1cf5df03f0cb7
e690784580409ef4ef12d391f51267ccedae7b6284889b

problem scale = in Figure 10.1 The purely FFA-based (1+1)FEA and

FRLS deliver worse results than the other methods. The large num-

ber of possible objective values slows them down too much, so that

they cannot overtake the objective-guided search, which is why

there hardly is any solution transfer in the EAFEAB-type hybrids.

However, after a scale = of about 100, the best performing algo-

rithms are the EAFEAA and EAFEAAX. This is the �rst experiment

on a bitstring-based NP-hard problem where hybrid optimization

combining FFA and objective-guided search can outperform both

pure FFA- and objective-guided search. Whether using crossover or

not does not make a large di�erence here in any hybrid algorithm.

With the 17 works [2–6, 11–13, 23, 27, 30, 37, 38, 40, 43, 45, 46]

representing the state-of-the-art on LABS, we show in Table 1 the

cases where we achieved new best known solutions. Despite using

simple general-purpose operators and no domain-speci�c heuristics,

we reached new best-known energies for these =.

1The downward dent for EAFEAA at = = 625 is caused by an unusually bad run.

5 Conclusions

In this paper, we have signi�cantly expanded upon the previous

studies on Frequency Fitness Assignment (FFA). FFA excels on (1) de-

ceptive problems where objective-guided search stalls, (2) sparse

objective landscapes with few distinct values, and (3) any objective

function that can injectively be transformed to an easy function. We

con�rmed that (4) FFA is slow on unimodal problems like OneMax

and (5) degenerates towards random walks on dense objective land-

scapes like BinInt. We now know that (6) FFA can stall in some rare

situations, too, because we uncovered a su�cient condition under

which FFA-based search can become trapped (Lemma 1): If, at some

current solution G2 , the unary search operator can only generate

o�spring of a single objective value ~> ≠ 5 (G2 ) and this value

has already been encountered more frequently than the current

objective value, i.e., � [~> ] > � [5 (G2 )], then the FFA selection rule

will reject all o�spring forever and the algorithm will not depart

from G2 . This �nding is signi�cant, as we expected that FFA would

keep exploring until the computational budget elapses.

Hybrid algorithms like the EAFEAA or EAFEAAX can be recom-

mended as a safe default. They combine FFA’s robustness on hard

landscapes with the e�ciency of local search on easy ones. We

introduced a new hybridization method, namely the combination

of the solutions in di�erent branches via crossover. The FFA branch

of these algorithms explores diverse objective values, including in-

termediate values between di�erent optima. The objective-guided

branch optimizes toward a local or global optimum. Crossover

blends these and enables the objective-guided branch to bene�t

from FFA’s broader exploration more e�ciently. This led to an im-

proved performance on many of the benchmark problems. The

EAFEAAX, for example, is several times faster than all other studied

algorithms on the TwoMax problem.

We applied the algorithms of our study to the low-autocorrelation

binary sequence problem (LABS). While previous works [58, 59]

showed that FFA performsmuch better than objective-guided search

on the NP-hard Max-Sat problem, it does not do so on LABS.

LABS is the �rst bitstring-based NP-hard problem where hybrid

algorithms, namely the EAFEAA and the EAFEAAX, outperformed

both purely objective-guided and FFA-guided local search. They

yielded the best results on larger scales, some of them being BKSes.

Future work should: (1) develop stalling detection mechanisms,

(2) provide landscape-based characterization predicting FFA utility,

and (3) analyze hybrid variants theoretically.
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